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Abstract 

In this work the accelerated-decelerated transition in a primordial Universe is investigated by 
f*> , using the dynamics of fermion fields within the context of Einstein-Cartan theory, where apart from 

D ■ the curvature the space-time is also described by a torsion field. The model analyzed here has only a 

tin ■ fermion field as the source of the gravitational field. The term associated with the spin of the fermion 

, field plays the role of the inflaton which contributes to an accelerated regime whereas the one related 

t-H ' to the fermion mass behaves as a matter field and is the responsible for a decelerated regime. Hence, 

by taking into account the spin of a massive fermion field it is possible to characterize the transition 
' ' . from the accelerated to the decelerated periods of the primordial Universe. 

PACS: 98.80.-k, 98.80. Cq 

1 Introduction 

The standard hot Big-Bang model is a solid theory which has predicted several essential observational 
' successes among others the expansion of the Universe, its age, the origin of the cosmic background 

Q\ . radiation and the nucleosynthesis of the light elements PQ. 

However there are other observational keys that the hot Big-Bang model could not explain like the 
problems of flatness, horizon and unwanted relics [2]. To overcome these problems it has been assumed 
fNl ' that after Planck's era the Universe has suffered a huge accelerated expansion in a very small time interval, 

which constitutes the inflationary period. Normally for the description of the accelerated era it has been 
used scalar fields - the so-called inflaton - with appropriate potentials which can solve the problems of 
the standard model [3 HJ [5] . Another possibility to generate accelerated regimes is to use the dynamics 
of fermions fields with suitable auto-interaction potentials, where the fermion field plays the role of the 
inflaton or dark energy [5J M HO] • 

In some works [TTJ[T2J[T3] ^ was suggested that the inflation could be derived by the spin density which 
was present in the primordial period of the Universe. In this case the spin density acts as a repulsive source 
and its rapid decay contributes to the small time interval of the accelerated expansion. It has been also 
suggested that cosmological observations could detect small remnant of the inflationary period generated 
by the torsion effects [TJ] which could also solve the problem of the sign of the cosmological constant [IB] . 
The preliminaries works |16l 117) on cosmological models involving space-time torsion considered fluids 
with rotational symmetries as sources of the gravitational field. Recently, some cosmological models were 
proposed which takes into account the effects of the torsion in order to describe the present accelerated 
expansion of the Universe [18j [19l [20] . Within this context it has also been studied eigenspinors of the 
charge conjugation operator - the so-called dark spinors - as source of the torsion [2T]. These spinors 
could describe the inflationary regime as well as the present accelerated expansion. The theories of space- 
time with torsion appear naturally in super-symmetric gravitational models, hence a possible extension 
of general relativity should include the torsion effects due to spin sources. 

In this work the dynamics of fermion fields which takes into account the spin density is used in order 
to exploit the inflationary regime. The spin density plays the role of the inflaton and is responsible for 
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the accelerated expansion of the primordial Universe. It differs from our previous works [6j [7] since the 
self-interaction potential of the fermion field is not taken into account. To include the spin into the 
general gravitational theory it is necessary to work within the framework of the Einstein-Cartan theory, 
where as usual the matter-energy is a source of the space-time curvature and the spin density is related 
with the torsion of the space-time manifold [22 ^ [23 | [2^ 1 [25j [26j [27l [28l [29 ] . 

This work is organized as follows. In section 2 it is introduced the main properties of the Einstein- 
Cartan theory which are used to obtain the Einstein and Dirac equations in section 3. The field equations 
in a Robertson- Walker metric are derived in section 4 and the inflationary solution related with the 
proposed model is presented in section 5. In section 6 the main conclusions of the work are introduced. 
The metric signature (+, — , — , — ) is adopted and natural units c = K = 1 are used. Furthermore, 
parenthesis and brackets enclosing two indices denote symmetrization and anti-symmetrization with 
respect to the indices, respectively. 

2 Preliminaries 

In the context of Einstein-Cartan theory the affine connection is not symmetric and its anti-symmetric 
part defines the torsion tensor [55] 

cV = r^-r^ = 2rf H . (i) 

The relationship of the affine connection T x ^ with the Cristoffel symbol T x ^ is obtained via the 
metricity condition V^g^ — 0, yielding 

= r„ M + k (2) 

where K x v ^ is the contortion tensor defined by 

K^vfj, = 2 (^^"i* C V {i + . (3) 

When one is dealing with fermion fields as sources of the gravitational field, it is convenient to use 
the tetrad formalism. The tetrad defines an orthonormal set of vectors that satisfies the relationship 
Qtiv — e^e^rjab, where r\ a b is the Minkowski metric tensor. In the tetrad formalism the metricity condition 
corresponds to the tetrad condition which reads 

V v e a » = d v e a » + T^e ap + ^ ab e^ = 0, (4) 

where io v ah denotes the spin connection. 

In terms of the spin connections the Riemann tensor becomes 

R a \u = d^ v ah - d v u^ ah + u^uj - uo^oo^, (5) 

and the the Ricci tensor is given by — e a a eb v R ah 
From the tetrad condition Q one can write 

. , ab ~ ab , jsab fc\ 
= W M + K M> W 

due to equation @ and the definition of the Cristoffel symbol T^. The spin connection u)^ ab is only a 
function of the tetrad, i.e., 

The Ricci tensor can also be written in terms of a part which does not depend on the contortion 
tensor K x ^ v and another which is a function of it, namely 

Rfiu = Rfiu + y\K x ^ v — V V K X m a + K X e\K 6 M „ — K X g u K e fl \, (8) 
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where the R^ v and Va are the Ricci tensor and the covariant derivative referred to the Cristoffel symbol 
f 1 * , respectively. 

The Dirac matrices in the Minkowski space-time are denoted by 7 a with a = 0, 1,2,3 whereas the 
generalized Dirac matrices - given by 7 M = e aM 7 a - satisfy the Clifford algebra {7^, 7"} = 2g^ u , where the 
braces denote the anti-commutation relation. As usual, the brackets [7 a ,7h] will denote the commutation 
relation and 7 s = —17° 7 1 j 2 j 3 . 



3 Einstein and Dirac equations 

The Lagrangian density of a fermion field is given by 

C = 1 tyfD^ - D^iP) - m^V - V, (9) 

where ip and ip — ip^j denote the spinor field and its adjoint, respectively, m is the fermion mass and V 
its potential of self-interaction. The covariant derivatives D^ip and D^ip are given in terms of the spin 



connection w M afe by 



= + i W / b [ 7 a, 76] 1>, = - iw M ab V [7a, 76] • (10) 

Within the framework of Einstein-Cartan theory, the action for a fermion field minimally coupled to 
the gravitational field reads 



S 



d 4 x, (11) 



where e = det(e^) and G is the gravitational constant. 

The field equations are obtained from the action (fTTj) as follows. First the variation of the action (JTTJ) 
with respect to the tetrad leads to Einstein field equations 

R liU -\Rg^u = ^GT llv , (12) 

where the energy-momentum tensor is given by 

T^ v = - (ipjvD^ip - D^tp^tp) - Cg^. (13) 

Next, Dirac's equations follow from the variation of the action (|11[) with respect to ip and ip, yielding 

^ = 0, iD^Y + mlp+^- 
dip dtp 



tj^D^ip - mip = = 0, iD^ipj^ + mip + — = 0. (14) 



Finally, the variation of the action (ITTT) with respect to the spin connection implies the following 
expression for the torsion tensor 

C\ x = -4ttG e abcd e a x e b K e cfl (^757^) , (15) 

where e a bcd is the Levi-Civita tensor. 

Once the torsion tensor is given by equation (|15p one can obtain from ([3J the following expression for 
the contortion tensor: 

K x V)i = -2irG e abcd e£e£ e cX (^ysYty) ■ (16) 



The Einstein field equations ()12|) may be rewritten by introducing the symmetric Ricci tensor R^ 
through the use of the relationship (jHJ. Indeed, from the resulting equation one may obtain two equations, 
one referring to its symmetric part and another to its antisymmetric part. The symmetric part is similar 
to Einstein's field equations and reads 

R,j, v - 7,Rg^u = 8ttG (fftu - ^-nGg^cr 2 ) , (17) 
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where it was introduced the abbreviation a 2 = (V'757dV') 2 an d the symmetric energy-momentum tensor 
of the sources is given by 

fpu = | (tpj^D^ip - D (M V7^)^) - 4V" 

Above, £ is the Lagrangian without the torsion effects, the derivatives and are given by the 
expressions (flQ|) by replacing the spin connection uj^ ab by w" 6 . 

The corresponding antisymmetric part has the following expression 

V X K\ U = 4ttGi(^ 1w D^ - T) { ^u]i>) ■ (18) 



4 Field equations in a Robertson- Walker metric 

In a homogeneous and isotropic Universe described by the spatially plane Robertson- Walker metric - 
namely, ds 2 = dt 2 — a(t) 2 (dx 2 + dy 2 + dz 2 ) where a(t) is the scale factor - the antisymmetric part of 
Einstein's field equations flT8|) becomes an identity so that it does not prescribe any restriction to the 
dynamics of the system, i.e., the evolution of the Universe is ruled by the symmetric part given by 
equation (fT7)) . 

The Friedmann and acceleration equations obtained from the symmetric part of Einstein's field equa- 
tions (fTTl) read 

a \ 8irG a 4ttG , , . 

= -z-p, - = — ^(p + 3p). (19) 



Above the total energy density p and the pressure p of the sources are given by 

- 3ttG 2 i>dV dVip TA 3irG 2 , nn . 

The Dirac equations ([T4")l in a spatially flat Robertson- Walker metric become 

tp + ~-ip + imf ip + ij -^ = 37rGi 7 ° (^7s7V) (75^^) , (21) 
2 a dtp 

i> + \-l>- ™?7° - *3T7° = -3ttGi (^757 V) ("07570 7°- (22) 
2 a dtp ' ' 



5 Inflationary solution 

In order to determine the cosmic scale factor a(t) and the components of the spinor field ip(t) = 
(ipi(t),ip2{t):ip3(t),*p4:(t)) T one may use the acceleration equation P^|) 9 and the Dirac equation (l2"Tj) . 
However, the search for exact solutions of this coupled system of five differential equations is a very 
hard job and numerical solutions of this system of equations will be determined. In this work a massive 
fermion field without a self-interaction potential is analyzed and in this case, the energy density and 
pressure reduce to 

p = mipip —a , p = —a , (23) 

whereas the Dirac equation (f2]~|) reads 

ip + ~ip + im^tp = 3ttG«7° (?757V) (TsTiVO , (24) 

For the search of the numerical solutions the cosmological time and the fermion mass are written in 
terms of the new variables nGt and m/irG, respectively. Furthermore, in order to have initially a positive 
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Figure 1: Acceleration field a versus time irGt. 



acceleration with a positive energy density one obtains from the Friedmann and acceleration equations 
(|T9")) the following restriction 

3 „ m — „ , „ 

-a 2 < < 6a 2 . (25) 

l 7T(_r 

The initial conditions chosen in order to solve numerically the system of equations (|19j) 9 together with 
(ggp and (EU) were a(0) = f, Vi(0) = 0.25,^(0) = 0.15, ^ 3 (0) = 0.05 and ^i 4 (0) = 0.10. Moreover, the 
initial condition for d(0) was obtained from the Friedmann equation (|19lh . In order to notice the role of 
the fermion mass five values were chosen, namely m/irG = 0.20; 0.25; 0.35; 0.40; 0.45. 

In Figure Q] it is plotted the acceleration field a as a function of time irGt for the five different masses. 
One may infer from this figure that there exist transitions from accelerated to decelerated regimes for 
m/wG = 0.20, 0.25, 0.35, 0.40, whereas for m/wG = 0.45 only a decelerated regime occurs. Hence, the 
spin density of a fermions field can promote accelerated regimes when its mass is not too large and the 
massive field is the responsible for the decelerated regime. Furthermore, the more massive field enters 
earlier in the decelerated regime and its deceleration is larger than the less massive field. In all cases the 
deceleration tends asymptotically to zero for large times. It is noteworthy to call attention that massless 
fermion fields is ruled out from this analysis, since in this case the energy density of the fermionic field 
becomes negative. 

In Figure [2] it is represented the energy densities as functions of time irGt. As was expected, the 
more massive fermionic field has the large energy density and decays more rapidly with time. All energy 
densities tend to a common value going asymptotically to zero. 

6 Conclusions 

As a main conclusion one may infer that within the context of the Einstein-Cartan theory a massive 
fermion field together with its spin density can generate an inflationary period and promote a transition 
to a matter field in the primordial Universe. The acceleration is due to the spin density but it decays 
rapidly and the term associated with the mass of the fermion field contributes to a deceleration of the 
Universe. A similar behavior can be found if one considers a non massive fermion field with a self- 
interaction potential given by V — Voipip. Hence the inflationary and the transition from the accelerated 
to a decelerated regime can be achieved by only one field, namely, a fermion field and its associated spin 
density. 
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